Soutions homework 5 by Alberici, Diego
HOMEWORK 5, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 10/22/2015, due 11/04/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Compute the following limits using de l’Hoˆpital’s rule.
a) limx→0
x− sin(x)
x2
b) limx→0 x log(x)
c) limx→0
1− cos(x)
x2
Solution: Before applying De L’Hopital’s rule, always check that the limit is in the form 00 or
∞
∞ .
a) lim
x→0
x− sin(x)
x2
H= lim
x→0
1− cosx
2x
H= lim
x→0
sinx
2
= 0
b) lim
x→0
x log(x) = lim
x→0
log x
1/x
H= lim
x→0
1/x
−1/x2 = limx→0−x = 0
c) lim
x→0
1− cos(x)
x2
H= lim
x→0
sinx
2x
H= lim
x→0
cosx
2
=
1
2
Exercise 2
Consider the function f(x) = (x2 − 1)ex and find
a) Domain of the function, limits at the boundaries and asymptotes
b) Sign and zeros
c) Coordinates of the maximum, minimum and inflection points
d) Sketch the graph
Solution:
a) Domain: R. Limits: lim
x→−∞ f(x) = 0, limx→+∞ f(x) = +∞. Therefore there is an horizontal asymptote:
the line y = 0.
b) Zeros: f(x) = 0 ⇐⇒ x = ±1. Signs: f(x) > 0 ⇐⇒ x ∈ (−∞,−1) ∪ (1,∞) and f(x) < 0 ⇐⇒ x ∈
(−1, 1)
c) Derivative: f ′(x) = 2xex + (x2 − 1)ex = (x2 + 2x − 1)ex. Stationary points (namely zeros of the
derivative): f ′(x) = 0 ⇐⇒ x2 +2x−1 = 0 ⇐⇒ x = −1±
√
2. Monotonicity (f in increasing when f ′
is positive, f in decreasing when f ′ is negative): f ′(x) > 0 ⇐⇒ x ∈ (−∞,−1−
√
2)∪ (−1+sqrt2,∞),
f ′(x) < 0 ⇐⇒ x ∈ (−1 −
√
2,−1 +
√
2). Therefore the stationary point x = −1 −
√
2 is a local
maximum point, while x = 1 +
√
2 is a local minimum point. The corresponding values of f are
respectively f(−1−
√
2) = 2(1 +
√
2)e−1−
√
2 and f(−1 +
√
2) = 2(1−
√
2)e
√
2−1.
Second derivative: f ′′(x) = (2x+ 2)ex + (x2 + 2x− 1)ex = (x2 + 4x+ 1)ex. Inflection points (zeros of
the second derivative): f ′′(x) = 0 ⇐⇒ x2 + 4x + 1 = 0 ⇐⇒ x = −2±
√
3.
d)
1
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Exercise 3
Consider the function f(x) = log(1−√1− x2)
a) Domain of the function, limits at the boundaries and asymptotes
b) Sign, zeros, even and odd part
c) Coordinates of the maximum, minimum points
d) Sketch the graph
Solution:
a) Domain: 1− x2 ≥ 0 and 1−
√
1− x2 > 0 ⇐⇒ −1 ≤ x ≤ 1 and x 6= 0; hence the domain of f is the
union of intervals [−1, 0) ∪ (0, 1]. Limits: lim
x→−1
f(x) = lim
x→1
f(x) = 0 and lim
x→0
f(x) = −∞. Therefore
there is a vertical asymptote, the line x = 0.
b) Zeros: f(x) = 0 ⇐⇒ 1 −
√
1− x2 = 1 ⇐⇒ 1 − x2 = 0 ⇐⇒ x = ±1. Sign: f(x) < 0 ∀x ∈
[−1, 0) ∪ (0, 1].
f is an even function, thus its even part is f and its odd part is 0.
c) Derivative: f ′(x) =
1
1−√1− x2
2x
2
√
1− x2 =
x√
1− x2(1−√1− x2 for every x ∈ (−1, 0) ∪ (0, 1); f
is not differentiable at x = ±1. No stationary points: f ′(x) 6= 0 for every x in the domain of f .
Monotonicity: f ′(x) > 0 ⇐⇒ 0 < x < 1 and f ′(x) < 0iff − 1 < x < 0. Therefore f has two
global maximum points at the boundaries of its domain: x = ±1. The corresponding value of f is
f(−1) = f(1) = 0.
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Exercise 4
Consider the function f(x) = log(1 + x)
a) Write the second order Taylor polynomial of f(x) at initial point x0 = 0
b) Use the previous Taylor polynomial to find an approximate value of log(3/2)
Solution:
a) f ′(x) =
1
1 + x
and f ′′(x) = − 1(1+x)2 . Hence the second order Taylor polynomial of f at initial point 0
is:
T2(x) = f(0) + f ′(0)x +
1
2
f ′′(0)x2 = x− 1
2
x2
b) log(3/2) = log(1 + 1/2) = f(1/2) ≈ T2(1/2) = 1/2− 12 (1/2)
2 =
3
8
. Notice that T2(1/2) = 38 = 0, 375,
while the actual value of f(1/2) is log(3/2) = 0, 405...
3
